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Abstract
In this paper there we describe the calculational background of deriving a strong meson
Lagrangian from the Nambu–Jona-Lasinio quark model using the computer algebra systems
FORM and REDUCE in recursive algorithms, based on the heat-kernel method for the calculation
of the quark determinant.
0
Computer Algebra Systems (CAS) such as FORM [1] or REDUCE [2] have been successfully used
in the high energy physics for a long time, especially in the field of the perturbative theory calculations
of higher order contributions in the standard model. Besides these “classical” fields of application of
CAS, they can be also used for solving various problems connected with non-renormalizable models
such as chiral meson models. In the following we describe the calculational background of the recent
derivation [3] of meson Lagrangian describing strong interactions of scalar, pseudoscalar, vector and
axial-vector fields.
The strong interactions of quarks at high energies (E ≫ 1GeV) are described by the Quantum
Chromodynamics (QCD) [4]. The QCD Lagrangian has following form:
LQCD =
∑
f
q¯f (iD̂ −m0f )q
f −
1
4
Gµν Gµν
with
Gµν = ∂µGν − ∂νGµ + ig[Gµ, Gν ],
D̂ = γµ(∂µ − igGµ), Gµ =
∑
a
Gaµ
λaC
2
,
where q is the quark field, Gµ is the gluon field, g is the coupling constant, m
0
f is the current quark
mass, γµ are the Dirac matrices, λC the SU(3)C matrices.
Some special properties of the QCD like the confinement of quarks and the momentum dependence
of the strong coupling constant αs(q
2) which becomes large at low momenta (αs ≈ 1) make it
impossible to use the QCD for an adequate description of meson processes at low energies.
Until now it was not possible to derive a meson theory from the QCD. On the other side, meson
processes have been studied in a framework of chiral Lagrangians since 1960s. One possible way to
built up a QCD-based chiral meson theory is to start with some effective quark Lagrangian, e.g. with
the Nambu–Jona-Lasinio model (NJL) [5].
The NJL Lagrangian of the effective four-quark interaction has the form:
LNJL = q¯(i∂̂ −m0)q + Lint (1)
with
Lint = 2G1
{
(q¯
1
2
λifq)
2 + (q¯iγ5
1
2
λif q)
2
}
− 2G2
{
(q¯γµ
1
2
λif q)
2 + (q¯γµγ5
1
2
λif q)
2
}
,
G1 and G2 are some empirical constants.
Let us show that the NJL model can be motivated from the nonperturbative QCD using some
assumption about the infrared behavior of gluons. The generating functional of QCD has the form
[6]:
Z =
∫
DqDq¯DG exp
{
i
∫
d4x
[
q¯f (i∂̂ −m0f )q
f + gq¯f Ĝa
λaC
2
qf −
1
4
GµνGµν
]}
After the integration over the gluon fields one will get
Z =
∫
DqDq¯ exp
{
i
∫
d4xq¯(i∂̂ −m0f )q
}
exp(W [j])
1
with
jaµ(x) = q¯(x)γµλ
a
Cq(x)
as flavour-singlet quark current and W becomes
W [i] =
∞∑
n=2
1
n!
∫
d4x1...d
4xnD
a1...an
µ1...µn(x1, ..., xn)
n∏
i=1
jaiµi(xi)
The functions Da1...anµ1...µn contain all information about the gluons. An analytical integration is not
possible because the behavior of the gluon propagator and the running coupling constant at long
distances are unknown.
Neglecting higher order Green functions one can get some local approximation for the gluon
propagator Dµν(x, y) ∝ gµνδ
4(x − y) and find some theoretical base for the approximation LQCD →
LNJL. In this approximation it is impossible to predict the values of the constants G1 and G2 from
QCD principles. They are to be determined experimentally.
One can see that the group structure of the QCD
SU(3)localC ⊗ SU(Nf )L ⊗ SU(Nf )R ⊗ U(1)⊗ S
and that of the NJL model
SU(3)globalC ⊗ SU(Nf )L ⊗ SU(Nf )R ⊗ U(1)⊗ S
are very similar (S presents the set of discrete symmetries as C, P and T conjugation).
After this introduction of the NJL model we will now derive a meson Lagrangian from the NJL
Lagrangian (1) using path integral techniques. First one has to introduce collective fields with the
form:
S =
∑
Si
1
2
λi, P =
∑
Pi
1
2
λi, V
µ = −i
∑
V µi
1
2
λi, A
µ = −i
∑
Aµi
1
2
λi
which will correspond later to scalar (S), pseudoscalar (P), vector (V) and axial (A) colourless fields.
The following notations have been used:
Si = −4G1q¯
1
2
λiq, Pi = −4G1q¯iγ
5 1
2
λiq, V
µ
i = −4G2q¯γ
µ 1
2
λiq, A
µ
i = −4G2q¯γ
µγ5
1
2
λiq.
Now the Lagrangian (1) can be redefined:
LNJL = −
1
4G1
trφ+φ−
1
4G2
tr (V 2µ +A
2
µ) + q¯
{
i∂̂ + V̂ + Âγ5 − PR(φ+m0) + PL(φ
+ +m0)
}
q
with φ = S+ iP , V̂ = V µγµ, Â = A
µγµ and PR/L =
1
2 (1± γ
5) as chiral projectors. This substitution
transforms the Lagrangian (1) into a bilinear form in quark fields. Now the integration over quark
fields becomes possible and the generating functional of the NJL model is
Z =
∫
DφDφ+DVDA exp
[
i
∫
d4x−
1
4G1
trφ+φ−
1
4G2
tr (V 2µ +A
2
µ))
]
· Zf
2
with
Zf (φ, φ
+, V, A) =
∫
DqDq¯ exp(i
∫
d4xq¯iD̂q) = (det iD̂) (2)
and
iD̂ = i∂̂ + V̂ + Âγ5 − PR(φ+m0) + PL(φ
+ +m0)
= i(∂̂ + ÂR)− (φ+m0)PR + i(∂̂ + ÂL)− (φ
+ +m0)PL
as Dirac operator. ÂR/L = V̂ ± Â are right- and left-handed vector fields. The quark determinant
(2), describing the interactions of mesons, can be evaluated in quark loops [7, 8].
At this place it makes sense to refer to some different ways in the calculation of the quark-
determinant (2). In contrary to the ”straight” method of calculating the quark loops [7] we have
used the heat-kernel method [6]. Of course, the physical results must not depend on the method of
calculation but there are some technical reasons for using this method here. The main advantage of
this method is that the recursive algorithms of this method can be adapted on CAS quite effectively.
The infinite contributions can be conveniently separated too.
The absolute value of the quark determinant (2) in “proper-time” regularization is defined as
log | det iD̂| = −
1
2
Tr′ log(D̂+D̂) = −
1
2
∫
∞
1/Λ2
dτ
1
τ
Tr′ exp(−D̂+D̂τ ) (3)
with Λ as regularization parameter. The trace Tr′ is to be understood as a space-time integration
and a “normal” trace over Dirac, colour and flavour indices:
Tr′ =
∫
d4x tr′ , tr′ = trC · trf · trγ .
The operator D̂+D̂ can be presented as
D̂
+
D̂ = dµd
µ + a(x) + µ2
with
dµ = ∂µ + Γµ, Γµ = Vµ +Aµγ
5, a(x) = i∇̂H +H+H +
1
4
[γµ, γν ]Γµν − µ
2.
Here µ plays the role of some free parameter which will fix the regularization in the region of low
momenta. Below it will be identified to the constituent quark mass. We used the following notations:
H = PR(φ+m0) + PL(φ
+ +m0) = S + iγ5P,
Γµν = [dµ, dν ] = ∂µΓν − ∂νΓµ + [Γµ,Γν ] = F
V
µν + γ
5FAµν ,
with FV,Aµν as field strength tensors
FVµν = ∂µVν − ∂νVµ + [Vµ, Vν ] + [Aµ, Aν ],
FAµν = ∂µAν − ∂νAµ + [Vµ, Aν ] + [Aµ, Vν ]
3
and
∇µH = ∂µH + [Vµ, H ]− γ
5{Aµ, H}
as covariant derivative.
The main idea of the heat-kernel method is to evaluate
< x | exp(−D̂+D̂τ ) | y >
around its nonperturbated part
< x | exp(−( + µ2)τ) | y >=
1
(4piτ)2
e−µ
2τ+(x−y)2/(4τ)
in powers of proper-time τ with the so-called Seeley–deWitt coefficients hk(x, y)
< x | exp(−D̂+D̂τ ) | y >=
1
(4piτ)2
e−µ
2τ+(x−y)2/(4τ)
∑
k
hk(x, y) · τ
k.
After integration over τ in (3) one gets the following expression for log | det iD̂ |
1
2
log(det D̂+D̂) = −
1
2
µ4
(4pi)2
∑
k
Γ(k − 2, µ2/Λ2)
µ2k
Tr′ hk
with
Γ(α, x) =
∫
∞
x
dt e−ttα−1
as incomplete gamma function. Using the definition of the gamma function one can separate the
divergent and finite parts:
1
2
log(det D̂+D̂) = Bpol +Blog +Bfin.
Here
Bpol =
1
2
e−x
(4pi)2
[
−
µ4
2x2
Tr′ h0 +
1
x
(
µ4
2
Tr′ h0 − µ
2Tr′ h1)
]
has a pole at x = µ2/Λ2 = 0,
Blog = −
1
2
1
(4pi)2
Γ(0, x)
[
1
2
µ4Tr′ h0 − µ
2Tr′ h1 + Tr
′ h2
]
.
is logarithmic divergent. The finite part has the form:
Bfin = −
1
2
1
(4pi)2
∞∑
k=2
µ4−2kΓ(k − 2, x)Tr′ hk.
The main technical problem now is to calculate the Seeley–deWitt coefficients hk. One can find the
calculated heat coefficients up to k = 3 [7] and with simplifications up to k = 6 in [6]. In this paper we
have calculated the full coefficients up to the order n = 4 and and also present the minimal parts of
the heat-coefficients h5,6. Let us show the general heat-kernel techniques in detail: The determinant
4
of the positive definite operator A is defined in proper-time regularization by the following integral
relation
log(detA) = −
∫
∞
1/Λ2
dτ
τ
Tr′K(τ),
where K(τ) = e−Aτ is the so-called “heat kernel” which satisfies the equation
∂
∂τ
K(τ) +AK(τ) = 0
with the boundary condition
K(τ = 0) = 1.
In the case discussed in the paper the operator A has the structure
A = dµd
µ + a(x) + µ2,
where
dµ = ∂µ + Γµ
contains an differential operator and a(x) does not.
The asymptotic behavior ofA at long distances is corresponding with the infinite part of log(detA),
which is defined by the “free” part
A0 = + µ
2, ≡ ∂µ∂
µ.
Using the ansatz
K = K0H
it is convenient to separate the “free” part K0 from the heat kernel. In coordinate representation K0
reads
K0(x, y; τ) ≡< x | K0 | y >=
1
(4piτ)2
e−µ
2τ+(x−y)2/(4τ)
and also satisfies the equation
∂K0
∂τ
+A0K0 = 0,
with the boundary condition
K0(τ = 0) = 1.
The “interaction” part H of the heat kernel satisfies the equation
(
∂
∂τ
+
1
τ
zµd
µ + dµdµ + a)H(x, y; τ) = 0,
H(x, y = x; τ = 0) = 1, (4)
where zµ = xµ − yµ and the differential operator dµ acting only on x. Using now an expansion for
H(τ) in powers of τ
H(x, y; τ) =
∞∑
k=1
hk(x, y) · τ
k
5
one will get from (4) the recursive relation
(n+ 1 + zµd
µ)hn+1 + (a+ dµd
µ)hn = 0
with boundary condition
zµd
µh0 = 0. (5)
The heat coefficients hk(x) = h(x, y = x) are defined by the diagonal part of the recursive relation
(4)
nhn(x) = −[dµd
µhn−1(x, y)] |y=x −ahn−1(x) (6)
which gives for n = 0
h1(x, x) = −(dµd
µ + a)h0(x, x).
Here we use the more convenient notations
dα . . . dβhn(x, x) ≡ [dα . . . dβhn(x, y)] |y=x .
The expression (6) can be trivially calculated once the (n− 1)th order heat coefficient is known. To
find the derivative terms dµd
µhn−1 one applies the operator dµd
µ on the recursion relation (6) for
n− 1 and puts afterwards y = x. This introduces derivatives up to the order of hn−2, and in addition
derivatives of a. One continues to apply repeatedly operators dµ on the recursion relation (6) for
smaller and smaller n until the desired nth order heat coefficient is completely expressed in terms
differing only by a permutation of the dµ’s. To get an explicit expression for the multiple derivatives
of hn one has to bring the dµ’s in all of these terms into the same order. The reordering of the dµ’s
introduces multiple commutators of the form:
Kµν = [dµ, dν ] = Γµν , Kλµν = [dλ,Kµν ], Kκλµν = [dκ,Kλµν ] , etc. (7)
Similarly one has to bring the a’s to the left of all dµ’s. This introduces the multiple commutators
Sµ = [dµ, a], Sµν = [dµ, Sν ], Sλµν = [dλ, Sµν ] , etc. (8)
In this way the heat coefficients can be completely expressed in terms of multiple derivatives of h0,
of multiple commutators (7) and (8), of lower-order heat coefficients, and of a’s, with the latter ones
being always on the left of the derivative operators dµ. The multiple derivatives
dα . . . dνh0(x) ≡ dα . . . dνh0(x, y) |y=x
are finally calculated by applying the dµ’s repeatedly on the differential equation (5) defining h0.
Following the strategy outlined above the calculation of the heat coefficients is straightforward
but cumbersome. The very lengthy calculations can be performed only by computer support. The
calculation of the heat-coefficients is a recursive process which can be done by CAS very conveniently.
For the calculations of the heat coefficients we used the CAS REDUCE and FORM. The reason for
the use of different CAS for the solution of one problem is connected with the special features of the
6
systems. FORM is designed for doing fast arithmetic with large formulae and a special attention was
to implement there structures commonly used in high energy physics, e.g. summation over dummy
indices. It easy easy to control even difficult calculation processes step by step since operations are
only done on request. However, the scope of FORM operations is limited and if some particular sphere
of symbolic calculations is somewhat biased from the generally used area of multiloop calculations or
Dirac algebra, then a need for unimplemented operations can arise. In our case of calculations with
nonrenormalisable chiral models in low-energy meson physics there is a need not only for summation
over some dummy indices but also for the following operations.
First of all one needs the operation of cyclic shifting of non-commuting operators products under
the trace sign. This operator is required since the following parts of Lagrangian are equivalent:
L1 = tr (∂µΦ · Φ ∂µΦ · Φ) and L2 = tr (Φ ∂µΦ · Φ ∂µΦ)
and one should transform them to some unique form, either the former or the latter one.
Secondly, one way of testing the obtained physical results is to test their symmetry properties. In
our case we have Hermitian conjugation and the transformation of intrinsic parity. One needs some
means to test automatically the symmetry properties of the results.
Both FORM and REDUCE lack the described operations. FORM has no possibility of adding new
non-trivial operations. For this purpose we used CAS REDUCE which is a completely open system
allowing the user to access directly the internal data structure and implement new operations and
data types by the “symbolic” style programming. We implemented the required operations absent in
FORM and also such as summation over dummy indices. In such a way the whole work described in
this paper could be done only with the help of the single REDUCE system. Let us briefly describe
the corresponding REDUCE functions from our package [9] for applications in meson chiral models.
Each REDUCE example below follows the usual mathematical notation.
traceshift(X) – transforms expression to the unique form using the possibility to perform cyclic
permutation of the products of matrix symbols under the trace operation, e.g.
tr (∂µΦ · Φ ∂µΦ · Φ) −→ tr (∂µΦ · Φ ∂µΦ · Φ)
traceshift(fi(mu)*fi()*fi(mu)*fi()) −→ fi(mu)*fi()*fi(mu)*fi()
tr (Φ ∂µΦ · Φ ∂µΦ) −→ tr (∂µΦ · Φ ∂µΦ · Φ)
traceshift(fi()*fi(mu)*fi()*fi(mu)) −→ fi(mu)*fi()*fi(mu)*fi()
orderind(X) – transforms expression to the unique form using the possibility to redesignate the
dummy indices, e.g.
tr (∂µΦ · Φ ∂µΦ · Φ) −→ tr (∂µΦ · Φ ∂µΦ · Φ)
orderind(fi(mu)*fi()*fi(mu)*fi()) −→ fi(mu)*fi()*fi(mu)*fi()
tr (∂νΦ · Φ ∂νΦ · Φ) −→ tr (∂µΦ · Φ ∂µΦ · Φ)
orderind(fi(nu)*fi()*fi(nu)*fi()) −→ fi(mu)*fi()*fi(mu)*fi().
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After voluminous computations one gets the complex expressions for heat-coefficients h1, . . . h4:
h0(x) = 1,
h1(x) = −a,
tr′ [h2(x)] = tr
′
{
1
12
(Γµν)
2 +
1
2
a2
}
,
tr′ [h3(x)] = −
1
12
tr′
{
2a3 − SµS
µ + a(Γµν)
2 −
2
45
(Kαβγ)
2 −
1
9
(Kααβ)
2
}
,
tr′ [h4(x)] = tr
′
{
1
24
a4 +
1
12
a2Sµµ + aSµS
µ +
1
720
7(Sµµ)
2 − (Sµν)
2
+
1
30
a2(Γµν)
2 +
1
120
(aΓµν)
2 +
1
180
a(Kααµ)
2 +
1
75
aΓµνKβ
βµν +
7
900
ΓµνS
µKα
αν
+
1
50
aKβ
βµνΓµν −
1
300
ΓµνKα
αµSν +
1
3600
Kααµ
(
Sβ
βµ + Sβ
µβ
)
+
1
72
Sµ
µ(Γαβ)
2
+
1
180
Sµν{Γµα,Γν
α}+
1
40
a
(
ΓµνS
µν +
11
9
SµνΓ
µν
)
+
1
144
a [Kµµν , S
ν ]
+
(
2
135
aKβµν +
11
900
ΓµνSβ +
1
100
SβΓµν +
1
4725
[
Γµν ,K
α
αβ
])
(Kβµν −Kµνβ)
+
1
1260
ΓµνKα
αµKβ
βν −
1
12600
(
29ΓβαΓ
µα + 27ΓµαΓβα
) (
Kνµβν +K
ν
µνβ
)
+ΓαβΓµν
(
83
25200
Kµναβ +
4
1575
Kαβµν −
127
5040
Kαµνβ −
1
600
Kµαβν
)
+
13
12600
ΓµβΓ
β
νΓ
ν
αΓ
αµ +
47
16800
(Γµν)
2(Γαβ)
2 +
17
25200
(ΓµνΓαβ)
2
+
4
1575
(ΓµαΓ
α
ν)
2 +
19
25200
KααµνK
µ
β
βν −
1
12600
(Kαµνα)
2 +
1
1575
(Kµ
α
αν)
2
+
1
6300
Kµ
α
ανK
βµν
β +
1
5600
(Kααµν)
2 −
1
5040
KααµνKβ
µνβ +KµναβK
αµνβ
−
1
1800
Kµα
α
νK
µβ
β
ν −
1
25200
Kµναβ
[
3
(
Kµναβ +Kναβµ
)
+ 2
(
Kµαβν +Kανµβ
)]}
In the same way the next orders of heat expansion coefficients hi can be obtained using the
developed calculation technique based on the usage of computer algebra. For simplicity we present
below expressions only for minimal parts of heat-coefficients, i.e. only for the parts which do not
vanish in the pseudoscalar region of the theory when Vµ = Aµ = 0:
tr′ [h5(x)
min] = − tr′
{
1
120
a2(a3 + SµS
µ) +
1
180
a3Sµ
µ + 2(aSµ)
2
+
1
6300
[
10aSµ(S
µν
ν + Sν
νµ)− 2a(Sµν)
2 + 17a(Sµµ)
2 + SµννSµ + 3aSµ
µνSν
]
+
11
1008
SµS
µSν
ν +
19
2800
SµSνS
µν +
2
225
SµSνS
νµ
+
1
25200
[
3(Sµµν)
2 − 2(Sµνα)
2 − 23(Sµνν)
2 + 7SµµνS
να
α
]}
8
tr′ [h6(x)
min] = tr′
{
1
720
a2(a4 + 4SµaS
µ) +
1
420
a3SµS
µ
+
1
20160
a2
[
20a2Sµ
µ + 5Sµ(S
µν
ν + Sν
νµ) + SµµνS
ν − (Sµν)
2 + 11(Sµ
µ)2 + 9SµννSµ
]
+
1
25200
a [Sµa(73S
µν
ν + 37Sν
νµ) + 5Sµν(SµSν + 4SνSµ)] +
1
2016
aSµµS
νSν
+
1
9450
aSµ (37S
µν + 23Sνµ)Sν +
1
9072
aSµ (S
µν
ν
α
α + Sν
νµα
α + Sν
ν
α
αµ)
+aSµ
(
23
4800
SµSν
ν +
937
302400
SνSµν +
23
10800
SνSνµ
)
+
1
252
aSµS
ν
νS
µ
+
1
352800
aSµµν (52Sα
αν + 53Sναα) + aS
µν
ν
(
1
3360
Sααµ −
1
11340
Sµα
α
)
+
17
226800
a(Sµνα)
2 +
1
317520
a (23Sµµ
να
α + 5S
µ
µα
αν + 77Sνµµ
α
α)Sν
−
1
30240
[
53(SµS
µ)2 + (SµSν)
2
]
+
1
352800
SµSν (157S
µ
α
αν + 298Sµναα)
+
1
70560
SµSν (31Sα
ανµ + 58Sνµαα + 47S
να
α
µ) +
1
720
SµSµS
ν
ν
α
α
+
5
14112
SµSνSα
αµν +
1
105840
Sµ [S
µν (37Sααν + 70Sνα
α) + 35SνµSανα]
+
1
21168
Sµ [S
νµSααν + Sνα(5S
νµα + 2Sναµ)] +
1
2880
Sµ (S
µν
ν + Sν
νµ)Sα
α
+SµS
ν
ν
(
83
141120
Sµαα +
1
9408
Sα
αµ
)
+
1
30240
Sµ (17Sνα
α + 13Sααν)S
νµ
+
1
7560
Sµ [2 (S
µνα + Sνµα + Sναµ)Sνα + (Sνα
α + 2Sααν)S
µν ] +
1
2160
SµSναS
µνα
−
1
635040
(
701(Sµ
µ)3 + 583SµνSµαS
α
ν
)
−
689
316386
Sαα(S
µν)2
−
2
2835
SµµS
ναSαν −
1
952560
Sµν (619SανSµα + 190SµαS
α
ν)
+
1
151200
[
11(Sµµ
ν
ν)
2 − 2(Sµν
α
α)
2
]
+
1
176400
(
(Sµµνα)
2 + SµµναS
νβ
β
α
)
−
1
226800
(Sµναβ)
2 −
103
12700800
(Sµ
α
αν)
2 +
1
66150
SµµναS
ναβ
β
−
1
52920
Sµµ
ν
νS
αβ
βα −
13
604800
SµνααSµβ
β
ν
}
.
To obtain these expressions for the heat coefficients we have extensively made use of the cyclic
properties of the trace and of the Jacobi identity. To obtain effective meson Lagrangians in terms of
collective fields one should calculate in tr′ hi(x) the trace over Dirac indices.
We would like to thank V.P.Gerdt for useful discussions. Two of the us (A.A.Bel’kov and A.V.Lanyov)
are grateful for the hospitality extended to them at DESY-Zeuthen.
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